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Progress of deep generative models
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Model distribution
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Estimating the probability distribution of data
How they work?

Data samples

3

Underlying data distribution 
(unknown)
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Model distribution
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• They are unconstrained 

• … but some events are certain  

• and constraint is a must!



Why do we need constraints?
Math reasoning and logical deduction

Constraints: carrying out arithmetic tasks, but also proving theorems
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Why do we need constraints?
Physics law

Constraints: preserve #atoms, #electrons … in chemical reactions

6



Why do we need constraints?
AI safety

Constraints: traffic rules, scene understanding …
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AI safety

Constraints: traffic rules, scene understanding …

7/75

Marconato, Emanuele, et al. "Not all neuro-symbolic concepts are created equal: Analysis and mitigation of reasoning shortcuts." NeurIPS 2023
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Goal

Model distribution

<latexit sha1_base64="EKSJ1HRc5yqXpvOp1ti8BZ5i+zY="></latexit>x
<latexit sha1_base64="z2Uz63bhuM6Rua9YLv4ewDVtpUg="></latexit>p

<latexit sha1_base64="RyPkTlOAyYo2HvXNDGT9DkMNKQI="></latexit>ω

Given constraint     , the generated samples should be realistic and compliant<latexit sha1_base64="RyPkTlOAyYo2HvXNDGT9DkMNKQI="></latexit>ω

<latexit sha1_base64="pZnxcOoCp64tCfL5ztD5Tca3Yvo="></latexit>

p(x | ω) =
{

0, if x →|= ω
p(x)
p(ω) , otherwise

<latexit sha1_base64="z2Uz63bhuM6Rua9YLv4ewDVtpUg="></latexit>p

Approximate data distribution

Guaranteed to satisfy constraints



But how bad are purely neural models  
when dealing with hard constrains  

in the real world?
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🤔
Fixed-sum constraint



Variational Autoencoders

• Dataset: modified MNIST, each image has the same pixel sum 


• Results: 

Note: constraint violation rate is measured with some tolerance
10
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Variational Autoencoders

• Dataset: modified MNIST, each image has the same pixel sum 


• Results: 

Note: constraint violation rate is measured with some tolerance
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• Dataset: modified CIFAR/CelebA/LSUN Church/LSUN Cat


• Results: 

Note: constraint violation rate is measured with some tolerance

Diffusion Models
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🤔

Learn from data

But how bad are purely neural models  
when dealing with hard constrains  

in the real world?

Constraint integration



Challenges in constraint integration 

1)  Constraints are hard to represent in a unified way
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Logical constraints

• Propositional logic


• First-order logic (FOL)


• Satisfiability modulo theory (SMT)
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Challenges in constraint integration 

1)  Constraints are hard to represent in a unified way


2)  How to integrate constraints and probabilities in a single architecture
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Challenges in constraint integration 

1)  Constraints are hard to represent in a unified way


2)  How to integrate constraints and probabilities in a single architecture


3)  Logical constraints are piecewise constant functions (non-differentiable)
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Solution

Probabilistic neuro-symbolic AI
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Solution

Probabilistic neuro-symbolic AI
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Integrate probabilistic reasoning



Solution

Probabilistic neuro-symbolic AI
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Deep neural nets



Solution

Probabilistic neuro-symbolic AI
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Explicit hard constraints



0

• Given an unconstrained model distribution, and a constraint 


• Question: how to sample and optimize?

Motivating example
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• Given an unconstrained model distribution, and a constraint 


• Question: how to sample and optimize?

Motivating example
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• Given an unconstrained model distribution, and a constraint 


• Question: how to sample and optimize?

Motivating example
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x → p(x)

Cătălina Stoian, Mihaela, et al. "How Realistic Is Your Synthetic Data? Constraining Deep Generative Models for Tabular Data."  ICLR 2024
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• Given an unconstrained model distribution, and a constraint 


• Question: how to sample and optimize?

Motivating example
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Cătălina Stoian, Mihaela, et al. "How Realistic Is Your Synthetic Data? Constraining Deep Generative Models for Tabular Data."  ICLR 2024
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Gradient Estimator Design

• Constrained sampling


• Optimization
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Gradient Estimator Design

• Constrained sampling


• Optimization


• Approximation: 


• Gradient proxy: 
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=> reduces to computing the directional derivative of the 
marginals in the direction of the gradient of the loss. 



Constrained-VAE
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Realistic but not compliant
Compliant but not realistic
Realistic and compliant!



Constrained-VAE
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Constrained diffusion models
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=> The integration of constraint improves generation quality!



Constrained Graph Neural Networks
Partial Charge Prediction to Metal-Organic Frameworks
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Raza, Ali, et al. "Message passing neural networks for partial charge assignment to metal–organic frameworks." The Journal of Physical Chemistry C 124.35 (2020): 19070-19082.



Gradient estimator for k-subset sampling
• k-subset selection: fixed-sum constraint in discrete domain with 


• Enforcing                means selecting a subset of size exactly k 
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• Our proposed gradient estimator SIMPLE



Evaluation
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SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

Gumbel Softmax

Perturb & MAP Score Function

Ours
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SIMPLE: A Gradient Estimator
for k-subset Sampling

Why
In machine learning, we’re often interested in
modeling distributions over k-subsets of
elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
Existing approaches [1, 2, 3] generalize
Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.

How

We’re interested in sampling from the distribution

pθ(z |
∑

i zi = k) = pθ(z)/pθ(
∑

i zi = k)·
!∑

i zi = k
"

the key insight here is that we do not need to care
about the order of variables, but only their sum.

Another key insight is the gradient depends on
marginals of the distribution; the marginals are the
partial derivatives of the log-partition function

µ(θ) = pθ
(
zi |

∑
j zj = k

)
=

∂

∂θi
log pθ(

∑
j zj = k)

In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
Appearance Palate Taste

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.35± 0.28 66.81± 7.56 2.68± 0.06 44.78± 2.75 2.11± 0.02 42.31± 0.61
L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55

Method
k = 5 k = 10 k = 15

Test MSE Precision Test MSE Precision Test MSE Precision

SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
L2X (t = 0.1) 5.75± 0.30 33.63± 6.91 6.68± 1.08 26.65± 9.39 7.71± 0.64 23.49± 10.93

SoftSub (t = 0.5) 2.57± 0.12 54.06± 6.29 2.67± 0.14 44.44± 2.27 2.52± 0.07 37.78± 1.71
I-MLE (τ = 30) 2.62± 0.05 54.76± 2.50 2.71± 0.10 47.98± 2.26 2.91± 0.18 39.56± 2.07

Implementation available at github.com/UCLA-StarAI/SIMPLE

References

[1] Jianbo Chen et al. “Learning to Explain: An Information-Theoretic Perspective
on Model Interpretation”. In: ICML 2018.

[2] Mathias Niepert, Pasquale Minervini, and Luca Franceschi. “Implicit mle:
Backpropagating through discrete exponential family distributions”. In: Neurips
(2021).

[3] Sang Michael Xie and Stefano Ermon. “Reparameterizable Subset Sampling
via Continuous Relaxations”. In: IJCAI-19.

Kareem Ahmed*
UCLA

Zhe Zeng*
UCLA

Mathias Niepert
Stuttgart University

Guy Van den Broeck
UCLA

tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

Perturb & MAP

Ours

=> Exact constrained sampling reduces the bias

Constrained sampling 
+ P&M backward
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SIMPLE: A Gradient Estimator
for k-subset Sampling
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elements e.g. in L2X , where we want the k
words that best explain a classifier’s decision

What
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Gumbel-Softmax to the k-subset distribution,
returning relaxed samples which biases the
gradient, and cannot be used in many settings
such as discrete VAEs, or otherwise resort to
approximate sampling and marginals

SIMPLE uses exact, discrete samples, coupled with
the derivative of the conditional marginals , leading
to an estimator with lower bias and variance.
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We’re interested in sampling from the distribution
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about the order of variables, but only their sum.
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partial derivatives of the log-partition function
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In the case when k =
1, we recover an es-
timator comparable to
Gumbel-Softmax, with
lower bias and variance

Experiments
DVAE We show that the KL-divergence between
the k-subset distribution and the uniform distri-
bution can be computed exactly.

L2X on BeerAdvocate dataset: To predict ratings for
different aspects of beer from free-text reviews.

Method
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L2X (t = 0.1) 10.70± 4.82 30.02± 15.82 6.70± 0.63 50.39± 13.58 6.92± 1.61 32.23± 4.92

SoftSub (t = 0.5) 2.48± 0.10 52.86± 7.08 2.94± 0.08 39.17± 3.17 2.18± 0.10 41.98± 1.42
I-MLE (τ = 30) 2.51± 0.05 65.47± 4.95 2.96± 0.04 40.73± 3.15 2.38± 0.04 41.38± 1.55
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SIMPLE (Ours) 2.27± 0.05 57.30± 3.04 2.23± 0.03 47.17± 2.11 3.20± 0.04 53.18± 1.09
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tl;dr “We propose a gradient estimator for distributions over k-subsets using exact discrete samples, estimating
the gradient as the derivative of the conditional marginals in the direction of the downstream gradients”

Perturb & MAP

Ours

P&M forward + 
conditional marginals

=> Conditional marginals reduces the variance 
by marginalizing over all possible samples

=> Exact constrained sampling reduces the bias
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Experiment: Discrete VAE

Metric: exact ELBO

Encoder Decoder1 0 1 0 0
Exactly k one’s

Data Reconstructed DataDiscrete Latent Space
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Dataset  
• Beer Review


• Human annotations of the words 
that best describe the review

Mean Squared 
Error Precision

SIMPLE (Ours) 2.11 42.31
L2X 6.92 32.23

SoftSub 2.18 41.98
IMLE 2.38 41.38

Input (review) Output
a little like wood and caramel 
with a hop finish. has a sort 
of fruity flavor like grapes or 
cherry that is sort of buried 
in there. mouth feel was lite, 
sort of bubbly.

0.75

Predictive performance

How much the learned explanations 
match the ones from human
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Goal: to learning graph structures to mitigate issues like over-
squashing and under-reaching to improve learning efficiency 

Qian, Chendi, et al. "Probabilistically rewired message-passing neural networks." ICLR 2024
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Goal: to learning graph structures to mitigate issues like over-
squashing and under-reaching to improve learning efficiency 

Qian, Chendi, et al. "Probabilistically rewired message-passing neural networks." ICLR 2024
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Goal: to learning graph structures to mitigate issues like over-
squashing and under-reaching to improve learning efficiency 

Qian, Chendi, et al. "Probabilistically rewired message-passing neural networks." ICLR 2024
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Goal: to learning graph structures to mitigate issues like over-
squashing and under-reaching to improve learning efficiency 

Qian, Chendi, et al. "Probabilistically rewired message-passing neural networks." ICLR 2024

Task tree leaf counting

rewiring



Probabilistically rewired message-passing neural networks
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TUDataset molecular prediction datasets
Best 2nd-best 3rd-best
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Constrained sampling is hard in general
… and so is computing the conditional marginals

🤔



Constrained text generation with LLMs
with tractable probabilistic models
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Zhang, Honghua, et al. "Adaptable logical control for large language models." NeurIPS 2024

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture
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Zhang, Honghua, et al. "Adaptable logical control for large language models." NeurIPS 2024

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Unconstrained
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Zhang, Honghua, et al. "Adaptable logical control for large language models." NeurIPS 2024

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Unconstrained pLM(next -token | α, prefix)



Constrained text generation with LLMs
with tractable probabilistic models

47

Zhang, Honghua, et al. "Adaptable logical control for large language models." NeurIPS 2024

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Unconstrained pLM(next -token | α, prefix)
<latexit sha1_base64="fz77nxOle910IlVgoXbH3ocjgTQ="></latexit>→ pLM(next -token | prefix)

⋅ pLM(α | next -token, prefix)

(Bayes rule)
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Zhang, Honghua, et al. "Adaptable logical control for large language models." NeurIPS 2024

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

pLM(next -token | α, prefix)
<latexit sha1_base64="fz77nxOle910IlVgoXbH3ocjgTQ="></latexit>→ pLM(next -token | prefix)

⋅ pLM(α | next -token, prefix)
Intractable

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture
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Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

pLM(next -token | α, prefix)
<latexit sha1_base64="fz77nxOle910IlVgoXbH3ocjgTQ="></latexit>→ pLM(next -token | prefix)

⋅ pLM(α | next -token, prefix)
Intractable

Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

Choi, Y., Antonio Vergari, and Guy Van den Broeck. "Probabilistic circuits: A unifying framework for tractable probabilistic models."
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Abusing Bayes rule,
pCTRL-G(next-token | α, prefix) 

               ∝ 

pLM(next-token | prefix)
⋅ pTPM(α | next-token, prefix)

The Ctrl-G Architecture

pCTRL-G(next -token | α, prefix)
<latexit sha1_base64="fz77nxOle910IlVgoXbH3ocjgTQ="></latexit>→ pLM(next -token | prefix)

⋅ pTPM(α | next -token, prefix)

Zhang, Honghua, et al. "Adaptable logical control for large language models." NeurIPS 2024
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CommonGen Benchmark
Generate a sentence using 3 to 5 concepts (keywords).

Input: snow drive car

Reference 1: A car drives down a snow-covered road.

Reference 2: Two cars drove through the snow.

α = ("car" ∨ "cars"…) ∧ ("drive" ∨ "drove"…) ∧ 
…

Honghua Zhang, Po-Nien Kung, Masahiro Yoshida, Guy Van den Broeck and Nanyun Peng. Adaptable Logical Control for Large Language Models, In Arxiv, 2024.



Challenges in constraint integration 
1)  Constraints are hard to represent in a unified way
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2)  How to integrate constraints and probabilities in a single architecture

3)  Logical constraints are piecewise constant functions (non-differentiable)
=> constrained marginals are informative proxy for 
gradient updates

=> tractability of constraint representation, solving …

=> constraint probability, approximation via TPMs
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more tractable

less tractable

Circuits
Circuits

Circuits

Flows Diffusion

VAEs GANs

GMMs

HMMs

Trees
overparam.

structure

impose structure!
24/89

Image by Antonio Vergari

=> expressiveness/efficiency of training TPMs 

Thank you!

https://github.com/probabilisticai/nordic-probai-2024/blob/main/day4/Antonio%20Vergari/verta39_nordic_prob_ai_24-I.pdf

