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Bayesian Deep Learning 

Complex Integration

Main Idea
BMA as Volume Computation

Motivations

Challenges

— Neural networks are bad at uncertainty estimation. 
— It can be risky to estimate using one set of weights 

Thus, Bayesian deep learning is proposed as a framework 
for incorporating uncertainty into deep learning models.  
By treating neural network weights as random variables, 
it allows for more robust and reliable predictions. 

Goal: Bayesian model average (BMA) 
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E[y] =
R
y p(y | x) dy— Expected Prediction:

DNNs are too big for sampling-based methods! 
— It can be costly to maintain too many samples. 
— Sample efficiency is low given the complex integrand. 
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E[y] =
R
y p(w | D) p(y | f(x), w) dw dy

Uniform Gaussian

Single ReLU

Non-convex, multi-modal,  
no closed form 🤯

Weighted  
Model  

Integration
BMA BMA≈

Approximate 
Representation

Sampling Exact Integration

where Weighted Model Integration (WMI) is a class of 
weighted volume computation problems: 
— Regions: logical combination of arithmetic constraints 
— Polynomial Weights: 

Why WMI? 
— Existing WMI solvers are able to give exact 
marginalization results
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Sampling BMA via WMI Collapsed 
Inference

Accuracy ❌* ✅ ✅

Flexibility ✅ ❌** ✅

Scalability ✅   ❌*** ✅

Collapsed Inference
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Collapsed set
<latexit sha1_base64="KGmVzBj7ICj/d52lpv6hlRYe4GI="></latexit>

E[y] = 1
n

P
ws

WMI( )

Expected prediction in BMA

Accuracy + Flexibility, Scalability! 🥳 

Experiments

*     Hard to estimate using a few samples 
**   Limited to fully connected layers 

*** Integration over polytopes in arbitrarily high dimensions is #P-hard

A Scheme to Combine Good from Both Worlds!

Image Classification

Transfer Learning

Takeaway
Volume Computation Solvers + Statistical ML  

=  
Reliable & Scalable Inference!

Table 3: Average test performance for image classification tasks on CIFAR-10 and CIFAR-100.

METRIC NLL ACC ECE

DATASET CIFAR-10 CIFAR-100 CIFAR-10 CIFAR-100 CIFAR-10 CIFAR-100

CIBER 0.1927 ± 0.0029 0.9193 ± 0.0027 93.64 ± 0.09 74.71 ± 0.18 0.0130 ± 0.0011 0.0168 ± 0.0025
SWAG 0.2503 ± 0.0081 1.2785 ± 0.0031 93.59 ± 0.14 73.85 ± 0.25 0.0391 ± 0.0020 0.1535 ± 0.0015
SGD 0.3285 ± 0.0139 1.7308 ± 0.0137 93.17 ± 0.14 73.15 ± 0.11 0.0483 ± 0.0022 0.1870 ± 0.0014
SWA 0.2621 ± 0.0104 1.2780 ± 0.0051 93.61 ± 0.11 74.30 ± 0.22 0.0408 ± 0.0019 0.1514 ± 0.0032
SGLD 0.2001 ± 0.0059 0.9699 ± 0.0057 93.55 ± 0.15 74.02 ± 0.30 0.0082 ± 0.0012 0.0424 ± 0.0029
KFAC 0.2252 ± 0.0032 1.1915 ± 0.0199 92.65 ± 0.20 72.38 ± 0.23 0.0094 ± 0.0005 0.0778 ± 0.0054

et al., 2020), vs. those who do not, which includes the SGD baseline, deterministic variational
inference (DVI) (Wu et al., 2019), Deep Gaussian Processes (DGP) (Bui et al., 2016), variational
inference (VI) (Kingma & Welling, 2013), MC Dropout (MCD) (Gal & Ghahramani, 2015, 2016),
and variational structured dropout (VSD) (Nguyen et al., 2021). These methods achieved state-
of-the-art performance on the small UCI datasets. We also compare to baselines Bayesian final
layers (NL) (Riquelme et al., 2018), deep kernel learning (DKL) (Wilson et al., 2016), orthogonally
decoupled variational GPs (OrthVGP) (Salimbeni et al., 2018) and Fastfood approximate kernels (FF)
(Yang et al., 2015), which have achieved state-of-the-art performance on the large UCI datasets.

Results. We present the test log likelihoods for small UCI datasets in Table 1 and those for large
UCI datasets in Table 2. In both tables, the first block summarizes SGD-trajectory sampling based
approaches and the second summarizes the rest. Underlined results are the best among all and bold
results are the best among SGD-trajectory sampling based approaches. From the results, our CIBER
has substantially better performance than all others on three out of the five small UCI datasets four
out of six large UCI datasets, with comparable performance on the rest, demonstrating that CIBER
provides accurate uncertainty estimation. We also present the test rooted-mean-squared errors results
in Appendix, where CIBER outperforms all other SGD-trajectory sampling based baselines on four
out of five small UCI datasets and four out of six large UCI datasets; it outperforms all baselines on
two small UCI datasets and one large UCI datasets, and has comparable performance on the rest.
This further illustrates that exact marginalization over conditional approximate posteriors enabled by
WMI solvers achieves accurate estimation of the true BMA and boosts predictive performance.

6.2 Image Classification

CIFAR datasets. We experiment with two image datasets: CIFAR-10 and CIFAR-100 (Krizhevsky
et al., 2009) and evaluate the test performance using three metrics: 1) negative log likelihood (NLL)
that reflects the quality of both uncertainty estimation and prediction accuracy, 2) classification
accuracy (ACC), and 3) expected calibration errors (ECE) (Naeini et al., 2015) that show the difference
between predictive confidence and accuracy and should be close to zero for a well-calibrated approach.

We run CIBER by choosing the collapsed parameter set to be 10 weights and 100 weights at the last
layer of the neural network models for CIFAR-10 and CIFAR-100 respectively. The weights are
chosen using the same heuristic as the one for regression tasks, i.e., to choose the weights whose
samples from the SGD trajectories have large variances. We compare CIBER with strong baselines
including SWAG (Maddox et al., 2019) reproduced by their open-source implementation, standard
SGD, SWA (Izmailov et al., 2018), SGLD (Welling & Teh, 2011) and KFAC (Ritter et al., 2018).

Transfer from CIFAR-10 to STL-10. We further consider a transfer learning task where we use
the model trained on CIFAR-10 to be evaluated on dataset STL-10 (Coates et al., 2011). STL-10
shares nine out of ten classes with the CIFAR-10 dataset but has a different image distribution. It is a
common benchmark in transfer learning to adapt models trained on CIFAR-10 to STL-10.

Table 4: Average test performance for transfer learning.

METRIC NLL ACC ECE

CIBER 0.9869 ± 0.0102 72.56 ± 0.23 0.0925 ± 0.0028
SWAG 1.3425 ± 0.0015 72.30 ± 0.11 0.1988 ± 0.0028
SWA 1.3993 ± 0.0502 71.92 ± 0.01 0.2082 ± 0.0056
SGD 1.6528 ± 0.0390 72.42 ± 0.07 0.2149 ± 0.0027

Results. We present the test
classification performance on
CIFAR-10 and CIFAR-100 in Ta-
ble 3 and that of transfer learn-
ing in Table 4, both of which use
VGG-16 networks (Simonyan &
Zisserman, 2014). More results
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Table 1: Average test log likelihood for the small UCI regression task.

BOSTON CONCRETE YACHT NAVAL ENERGY

CIBER (SECOND) -2.471 ± 0.140 -2.975 ± 0.102 -0.678 ± 0.301 7.276 ± 0.532 -0.716 ± 0.211
CIBER (LAST) -2.471 ± 0.140 -2.959 ± 0.109 -0.687 ± 0.301 7.482 ± 0.188 -0.716 ± 0.211
SWAG -2.761 ± 0.132 -3.013 ± 0.086 -0.404 ± 0.418 6.708 ± 0.105 -1.679 ± 1.488
PCA+ESS (SI) -2.719 ± 0.132 -3.007 ± 0.086 -0.225 ± 0.400 6.541 ± 0.095 -1.563 ± 1.243
PCA+VI (SI) -2.716 ± 0.133 -2.994 ± 0.095 -0.396 ± 0.419 6.708 ± 0.105 -1.715 ± 1.588
SGD -2.752 ± 0.132 -3.178 ± 0.198 -0.418 ± 0.426 6.567 ± 0.185 -1.736 ± 1.613
DVI -2.410 ± 0.020 -3.060 ± 0.010 -0.470 ± 0.030 6.290 ± 0.040 -1.010 ± 0.060
DGP -2.330 ± 0.060 -3.130 ± 0.030 -1.390 ± 0.140 3.600 ± 0.330 -1.320 ± 0.030
VI -2.430 ± 0.030 -3.040 ± 0.020 -1.680 ± 0.040 5.870 ± 0.290 -2.380 ± 0.020
MCD -2.400 ± 0.040 -2.970 ± 0.020 -1.380 ± 0.010 4.760 ± 0.010 -1.720 ± 0.010
VSD -2.350 ± 0.050 -2.970 ± 0.020 -1.140 ± 0.020 4.830 ± 0.010 -1.060 ± 0.010

Table 2: Average test log likelihood for the large UCI regression task.

ELEVATORS KEGGD KEGGU PROTEIN SKILLCRAFT POL

CIBER (SECOND) -0.378 ± 0.026 1.245 ± 0.090 1.125 ± 0.269 -0.720 ± 0.036 -1.003 ± 0.035 2.555 ± 0.115
CIBER (LAST) -0.371 ± 0.023 1.178 ± 0.088 0.964 ± 0.231 -0.720 ± 0.036 -1.001 ± 0.032 2.506 ± 0.150
SWAG -0.374 ± 0.021 1.080 ± 0.035 0.749 ± 0.029 -0.700 ± 0.051 -1.180 ± 0.033 1.533 ± 1.084
PCA+ESS (SI) -0.351 ± 0.030 1.074 ± 0.034 0.752 ± 0.025 -0.734 ± 0.063 -1.181 ± 0.033 -0.185 ± 2.779
PCA+VI (SI) -0.325 ± 0.019 1.085 ± 0.031 0.757 ± 0.028 -0.712 ± 0.057 -1.179 ± 0.033 1.764 ± 0.271
SGD -0.538 ± 0.108 1.012 ± 0.154 0.602 ± 0.224 -0.854 ± 0.085 -1.162 ± 0.032 1.073 ± 0.858
ORTHVGP -0.448 1.022 0.701 -0.914 — 0.159
NL -0.698 ± 0.039 0.935 ± 0.265 0.670 ± 0.038 -0.884 ± 0.025 -1.002 ± 0.050 -2.840 ± 0.226

zz: cite more on WMI literature

6 Experiments

We conduct experimental evaluation of our proposed approach CIBER 1 on regression and classi-
fication benchmarks and compare its performance on uncertainty estimation as well as prediction
accuracy with a wide range of baseline methods. More experimental details are presented in Appendix.

6.1 Regression on Small and Large UCI Datasets

We experiment on 5 small UCI datasets: boston, concrete, yacht, naval and energy. We follow the
setup of Izmailov et al. (2020) and use a fully-connected network with a single hidden layer and 50
units with ReLU activations. We further experiment on 6 large UCI datasets: elevators, keggdirected,
keggundirected, pol, protein and skillcraft. We use a feedforward network with five hidden layers of
sizes [1000, 1000, 500, 50, 2] and ReLU activations on all datasets except skillcraft. For skillcraft, a
smaller architecture is adopted with four hidden layers of size [1000, 500, 50, 2]. All models have
two outputs for the prediction and the heteroscedastic variance respectively.

We run CIBER with two different ways of choosing the collapsed parameter set: CIBER (last) chooses
all the weights at the last layer to be the collapsed set; CIBER (second) chooses three out of all the
weights at the second-to-last layer to be the collapsed set. The heuristic we use for choosing the
weights is to look into the sampled weights from SGD trajectories to see which ones have the greatest
variance. The intuition is that a greater variance indicates that the weight is prone to have greater
uncertainty and thus one might want to perform more accurate inference over it.

Baselines. We compare CIBER to the state-of-the-art approximate BNN inference methods. We
separate these methods into two categories: those sampling from SGD trajectories as approximate
posteriors, which includes SWAG (Maddox et al., 2019), PCA+ESS (SI) and PCA+VI (SI) (Izmailov

1Code and experiments are available at https://github.com/UCLA-StarAI/CIBER.
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